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Q_f Abstract 

In these notes we review the Kontsevich's formality therem as discussed at 
the School of Geometry, University Kasdi Merbah (Ouargla) 2012. They are 
essentially based on |4J, where the interested reader can find many details we 
are not going to discuss. 
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1 Introduction 



The subject of these lecture notes is the theory of Kontsevich of deformation 
quantization of Poisson manifolds. We start a brief survey of tensor fields that 
will be useful to define Poisson manifolds. In Section [3] we give an overview 
of physical motivations that led to the introduction of the star product and 
we summarize the steps in the theory of deformation quantization. Sections 
[H and [5] are devoted to Kontsevich's theory. First, we introduce the theory 
of classification of star products that led to claim that any Poisson manifold 
admits a canonical deformation quantization. In order to prove this result we 
need to introduce a more general one, called Formality theorem. 

2 Basic notions 

In this section we recall briefly the definition of tensor field that will be useful 
to introduce the Poisson manifolds. A more complete discussion on tensors 
and all the basic theory about manifolds and vector bundles can be found in 

ESI- 

Consider the set L k (Vi, . . . , W) of k- multilinear maps of V\ x . . . Vk to 
W. The special case L(V, M) is denoted V* , the dual space of V. If V is finite 
dimensional and {ei, . . . e n } is a basis of V, there is a unique basis of V*, the 
dual basis {/ , . . . f n }, such that (/*, ej) = <5*. Here (•, •) denotes the pairing 
between V and V*. 

Definition 2.1. For a vector space V we put 

T:(V) = L s+r (V*,...,V*,V,...,V;R) 

(r copies ofV* and s copies ofV). Elements o/TJ(V) are called tensors on 
V , contravariant of order r and covariant of order s. 

Given t E TJ(V) and s € Tp (V), the tensor product of t and s is the 
tensor t s £ T^+p(V) defined by 

(t ® a )(p\ .../3 r ,^,...,Y,h,---f s ,9i,---,g P ) (i) 

= t^\...p r ,f 1 ,...f s )s^\...,^,g 1 ,...,g p ) (2) 
where ^ J , r y J € V* and fj,gj € V. 

The tensor product is associative, bilinear and continuous; it is not com- 
mutative. Notice that 

T^(V) = V, lf(V) = V*. 
Now we extend the tensor algebra to vector bundles. 
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Definition 2.2. Let it : V — > B be a vector bundle with Vb = ir denoting 
the fiber over the point b £ B. Define 

TI(V) = J Tl(V b ) 

and irl : TJ(V) — > B by Tt T s {v) = b, where e € TJ(Vfc). Furthermore, for a given 
subset A of B, we define 

» = Uw 

Let us consider a smooth manifold M. We denote with C°°(M) the set 
of all the smooth functions from M to R. We specialize to the case where 
7r : V — > S is the tangent vector bundle of M. 

Definition 2.3. Let M be a manifold and tm '■ TM — > M its tangent bundle. 
We callTg(M) = TJ(TM) the vector bundle of tensors contravariant order 
r and covariant order s. We identify Tq(M) with TM and call T®(M) the 
cotangent bundle of M also denoted by : T*M — > M. The zero section of 
TJ(M) is identified with M . 

The smooth sections of tt : V — > B are denoted by T(V). A section of 
TJ(M) takes an element m £ M and associates a vector in the fiber, called 
tensor. Recall that the set of smooth functions C°°(M) is endowed with a 
structure of ring, defined by 

(/ + 9)(x) = f(x) + g{x), (cf)(x) = c(/(x)), (fg)(x) = f(x)g(x). (3) 

Finally, recall that a vector field on M is an element of T(TM). 

Definition 2.4. A tensor field of type (r,s) on a manifold M is a smooth 
section ofT T s (M). We denote by T s r (M) the set T(T s r (M)) together with its 
infinite dimensional real vector space structure. A covector field or differential 
one-form is an element o/7j°(M). 

2.1 Poisson manifolds 

Now we introduce the definition of Poisson manifold, in terms of algebra and 
then in a more general way using the structures discussed in the previous 
section. This section is essentially based on the book of I. Vaisman |22j . We 
want to remark that Poisson manifolds have many geometrical properties and 
there is an incredible rich literature devoted on this topic. Here we just recall 
their definition and a simple example in order to discuss their deformation 
quantization. 
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Definition 2.5. A Poisson manifold is a pair (M, {•,•}), where M is a 
smooth manifold and {•, •} is a bilinear operation on C°°(M), such that the 
pair (C°°(M), {•,•}) is a Lie algebra and {■,■} is a derivation in each argument. 
The pair (C°°(M), {•,•}) is called Poisson algebra. 

Let 7r be a bivector field on a manifold M, i.e. a skew-symmetric, con- 
travariant 2-tensor. At each point m, iT m can be viewed as a skew-symmetric 
bilinear form on T m M, or as the skew-symmetric linear map TT m : T m M — > 
T m M, such that 

vr m (a m ,/3 m ) = 7r s (a m )(/3 m ), a m , f3 m € T m M. (4) 

If a, (3 are 1-forms on M, we define 7t(q,/3) to be the function in C°°(M) 
whose value at m is 7r m (a m ,/3 m ). Given /, g G C°°(M) we set 

{f,g}m = 7r m (df,dg). (5) 

The bracket induced by 7r satisfies the Leibnitz rule. 

Definition 2.6. ^4 Poisson manifold (M, 7r) is a manifold M with a Poisson 
bivector it such that the bracket defined in eq. ([5)] satisfies the Jacobi identity. 

Example 2.1. If M = M. 2n , with coordinates (q l ,pi), i = 1, • • • ,n and if 

*"<*■>=-!-• < 6 » 

then 

X =^ll--^l± ( 7 ) 

5pj 9g J dq 1 dpi 

and 

df dg df dg 

' dpi dq 1 dq 1 dpi ' 

is the standard Poisson bracket of functions on the phase space. The corre- 
sponding bivector is tt = A -j^. 



3 Physical motivation 

In this section we want to describe briefly the physical motivations that gave 
rise to the theory of deformation quantization. Essentially this theory want to 
give a precise mathematical formulation to the correspondence between clas- 
sical and quantum mechanics. The first step is recalling the mathematical 
description of such theories and then we discuss the attempts to describe this 
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correspondence. It is important to remark that a formal correspondence be- 
tween the two theories is still missing, despite the fact that many progresses 
in that direction have been done. 

A classical mechanical system in the hamiltonian formalism is described 
by the triple (M, {■,■},£[) where M is an even-dimensional manifold called 
phase space, {•, •} is a Poisson bracket, induced equivalently by a symplectic 
or Poisson structure on M and H is a smooth function on M, called Hamil- 
tonian. These three objects allow us to describe completely a given physical 
system. Indeed, a physical state of the system is represented by a point of 
M and a physical observable corresponds to a smooth function / on M. The 
Poisson bracket and the Hamiltonian function are necessary to describe the 
time evolution of an observable /, that is governed by the equation 

§ = {",/} (9) 

Here the Poisson brackets is completely determined by its action on the coor- 
dinate functions 

{q i ,p j } = S ij (10) 

(together with qj} = {pi,Pj} = 0) where (qi, ■ ■ ■ ,q n ,Pl, ■ ■ ■ ,Pn) are local 
coordinates on the In- dimensional manifold M. 

In quantum mechanics, a physical system can be described by a complex 
Hilbert space "H together with an Hamiltonian operator H. In this formalism 
a physical state is represented by a vector in H while the physical observables 
are now self-adjoint operators in the space jC(1-L) of linear operators on H. The 
time evolution of a physical observable / is given by 



dj_ = i_ 

dt h 
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where [•, •] is the usual commutator of operators. Finally, the position qi and 
momentum pj operators satisfy the canonical commutation relations: 

[qi,Pj] = ihSij. (12) 

The correspondence between classical and quantum mechanics has been 
studied from many different points of view. Now we focus our attention on 
the attempt of finding a precise mathematical procedure to associate to a 
classical observable a quantum analog. This was first approached by trying to 
construct a correspondence between the commutative algebra C°°(M) and the 
non-commutative algebra of operators. Starting from the quantization of M 2n , 
the first result was achieved by Groenewold [12] , which states that the Poisson 
algebra C°°(IR 2n ) can not be quantized in such a way that the Poisson bracket 



6 



of two classical observables is mapped into the Lie bracket of the correspondent 
operators. 

The idea of Bayen, Flato et al. [2], [9], [TO] was a change of perspective: 
instead of mapping functions to operators, the algebra of functions can be de- 
formed into a non- commutative one. In particular, they proved that on the 
symplectic vector space R 2n , there exists a standard deformation quantization, 
or star product, known as the Moyal-Weyl product. The origins of the Moyal- 
Weyl product can be found in the works of Weyl [23] and Wigner [24], where 
they give an explicit correspondence between functions and operators, and of 
Groenewold |T2] and Moyal [20j, where the product and the bracket of oper- 
ators defined by Weyl have been introduced. The existence of an associative 
star product has been generalized to a symplectic manifold admitting a fiat 
connection V in [2]. The first proof of the existence of star product for any 
symplectic manifold was given by De Wilde and Lecomte [5] and few years later 
by Fedosov [7]. In subsequent works (e.g. [21], [E]) the equivalence classes 
of star products on symplectic manifolds and the connection with de Rham 
cohomology has been studied. It came out that the equivalence classes of star 
products and elements in H^ R (M)leJ are in a one-to-one correspondence. 

The existence and classification of star product culminated with Kontse- 
vich's Formality Theorem, that was first formalized in a conjecture in [15] 
and then proved in [16]. Kontsevich showed that any finite dimensional Pois- 
son manifold M admits a canonical deformation quantization by establishing 
a correspondence between the set of isomorphism classes of deformations of 
C°°(M) and the set of equivalence classes of formal Poisson structures on M. 
In the following sections we introduce the classification of star products proved 
by Kontsevich and then we show how this result follows from the Formality 
theorem. 

4 Deformation quantization of Poisson man- 
ifolds 

In this section we introduce the basic notion of formal deformation of an al- 
gebra A and then we explain the connection of deformations with Poisson 
structures. The first step to discuss the theory of classification of star prod- 
ucts is the introduction of a new tool, the formal power series. 
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4.1 Formal power series 



Given a sequence a n , n £ No of elements in a commutative ring k, a formal 
power series is 

oo 

a = Y J a nX n (13) 

n=0 

where x is just a formal indeterminate, that means that we look at power 
series as purely algebraic objects, which we manipulate according to some set 
of rules. In particular, we are not interested in the analytic properties of the 
formal power series, for instance we will not require the convergence. 
They can be manipulate algebrically: 

oo 

a±b = J2(an±b n )x n (14) 

n=0 

oo n 

ab = '^2 c n x n c n = ^2 a kK-k (15) 

rc=0 fc=0 

With these two operations, the set of all formal power series becomes a commu- 
tative ring, denoted by k\x\. If we can prove the convergence in a neighborhood 
of zero, we can see that the coefficients are the same as the Taylor expansion 
(see [8] for more details). 



4.2 Classification of star product 

The idea of star product relies on the more basic definition of formal deforma- 
tion of an algebra given by Gerstenhaber |llj . 

Definition 4.1. Let A be an associative and unital algebra over a commutative 
ring k. A formal deformation of the algebra A is a formal power series 

oo 

a*b = ab + ^h k P k {a,b) (16) 
fc=i 

where a,b E A C A\H\ and P m : A x A — > A are k-bilinear maps such that the 
product * is associative. 

The deformed algebra over the ring k{hj is denoted by AfUj. 
Let M be a smooth manifold and consider the algebra C°°(M) of smooth 
functions on M endowed with the pointwise product 

f ■ g(x) := f(x)g(x) Vx G M. (17) 
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In this case the ring k is M. A deformation quantization of C°°{M) is a formal 
deformation of A = C°°(M) such that it preserves the unit of the algebra. 
Let's state it more clearly: 

Definition 4.2. A star product on M is an M\h\-bilinear map 
C°°\M){hl x C°°{M){h\ -> C°°{M){h\ 

(f,g)^f*g (is) 

such that 

i. f*g = f-g + Ek=ih- h Pk(f,g) 

2- (f*g)*h = f*(g*h)\/f,g,h£ C°°(M) associativity 
3. /*i = i*/ = /V/eC°°(M). 

The requirement ([2]) implies that the P n 's are bidifferential operators. 

Example 4.1. The first example of a deformed product on C°°(M. 2n ) is the 
Moyal product. We introduce briefly this example and we show the relation 
of the Moyal product with the standard Poisson bracket. Let us consider the 
manifold M = M? n with Darboux coordinates 

{q,p) = (<7l,---,<?n,Pl,---,Pn) 

The Moyal star product on this manifold is given by 



f -k g(q, p) = f(q, p) exp {^d gt p - % ~ p ~3 \ 



g(q,p), (19) 



where the d 's operate on f and the d 's on g; we can also define a star product 
by 

f*g(x) = exp (i^ a l3 d x id y j\ f{x)g(y) (20) 

where {a 1 ^} is a constant skew- symmetric tensor on M 2 n with i,j = 1, . . . ,n. 
Such a product satisfies the requirements given in Definition ^ -S\ hence it is a 
well defined star product. Observe that the skew- symmetric part of the term in 
h ofUM is 

df_dg_ _ df_dg_ ^ 

dpi dq % dq l dpi ' 



which coincides with the standard Poisson bracket introduced in Example \2.1\ 
In this particular case we can claim that defining the Moyal product on C°°(R n ), 
it inherits automatically a structure of Poisson algebra. 
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The last observation can be generalized. Prom the requirements on P n it 
follows that the skew-symmetric part of Pi defined by 

{f,g} = Pi(f,g)-Pi(g,f) f,g€A (22) 

is a Poisson bracket, then A is a Poisson algebra. If A = C°°(M), this implies 
that M is a Poisson manifold, with Poisson structure tt such that 

{f,g} = n(df,dg). 

Now we want to understand if, given a Poisson manifold (M, n), we can 
define an associative product * on the algebra of smooth functions using the 
structure ir, i.e. such that: 

1. it is a deformation of the pointwise product 

2- \{f*g-g*f) mod h={f,g}. 

This problem has been solved by Kontsevich, by classifying star products 
in terms of Poisson structures. In order to introduce this result we need the 
concept of equivalent star products. 

Definition 4.3. An isomorphism of two deformations *, *' is a formal power 
series 

T(a) = a + J2m=o t m Tm{a) such that 

T(a*b)=T(a)*'T(b) Va,6eA (23) 

The star products * and *' are said equivalent. 

From now on we denote with [★] the equivalence class of star products 
relative to the previous definition of equivalence. We can prove that different 
star products belonging to the same equivalence class induce the same Poisson 
bracket by setting (I22p . More precisely, 

Lemma 4.1. Let * be a star product on C°°(M). The Poisson bracket 

{/, g} = Pi (/, g) -Pi(gJ) f,ge C°° (M) 

depends only on the equivalence class [*]. 

Proof. Consider two equivalent star products * and From Definition 14.31 we 
have 

T(a*b) = T{a)*'T(b) 

Expanding the formal power series of T, ★ and the term in h of this equation 
reads 

Pl(f,g)+T 1 (fg) = Pi(f,g)+T 1 (f)g + fT 1 (g) . 

This implies that P\{f,g) — P[(f,g) is symmetric in f,g, hence it does not 
contribute to {/, g}. □ 
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This implies that, given an equivalence class of star products on C°°(M), 
it induces a Poisson structure ir on the manifold M. As introduced in Sec- 
tion [3l the problem of classifying star products on a given Poisson manifold 
M is solved by proving that there is a one-to-one correspondence between 
equivalence classes of star products and equivalence classes of formal Poisson 
structures. In the following we define the equivalence relation of formal poisson 
structures. 

We can define a group of diffeomorphisms of M acting on the set of Poisson 
structures, given by 

TT4, : = </>*7r. (24) 

This action can be easily extended to formal power series; let us introduce a 
bracket on C°°(M)lh} by: 

oo n 

{f,gh--=J2 nn E M d fj^9k) (25) 

n=0 i,j,k=0 
i+j+k=n 

oo oo 

f = Yl hj h and 9 = E hkgh 

j=0 k=0 
7TR := 7T + TTi % + 7T 2 f? H 

is called formal Poisson structure if {•, ■}% is a Lie bracket on C co {M)\h\. 
The gauge group is given by the formal power series of the form 

4> h := exp(HX) 

calledformal diffeomorphisms, where X := Xlfe^Lo h k Xk is a formal vector 
field, i.e. a formal power series whose coefficients are vector fields. It is useful 
to remark that the structure of a group is given by defining the product of two 
such exponentials via the Baker-Campbell-Hausdorff formula: 

exp(hX) ■ exp(^y) := exp(^X + hY + -H[X, Y]-\ ). (26) 

Hence we can generalize the action (|24p as follows: 

oo n 

exp(£ x )7r, = exp(ftX%7r B := ^ h n ^ {C-xd^k (27) 

n=0 i,j,k=0 
i+j+k=n 



where 



The structure 
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Definition 4.4. Two formal Poisson structures Tin and n' ri are said equivalent 
if there is a formal power series X = Y2m=o ^ m -^m such that 

Tr' n = exp(£x)vr/i- 

The equivalence class is denoted by [717J , as usual. We can finally state the 
Kontsevich theorem: 

Theorem 4.1 (Kontsevich, [16]). There is a bijection 

natural with respect to diffeomorphisms, between the set of equivalence classes 
[nn] of formal Poisson structures on M 

TT h = + hir 1 + h 2 TT 2 + ... (28) 

and the set of isomorphism classes [*] of deformation quantizations ofC°°(M). 

Moreover, if irn. in (j28jl is a formal Poisson structure, we will denote by -kn 
a star product from the equivalence class corresponding to tt^ by the above 
theorem. The Poisson bracket {•, •} on C°°(M) associated to */j by formula (|22D 
is given by the term 7i"i of tt^. This implies that any Poisson manifold (M, tt) 
admits a canonical deformation quantization, that is the quantization obtained 
applying this theorem to nn = hn. This result follows from a more general one, 
called Formality theorem, that we introduce in the following section. 

5 Formality Theory 

In this section we show that to each deformation is attached a differential 
graded Lie algebra via the solutions to the Maurer Cartan equation modulo the 
action of a gauge group. In order to discuss this problem, we need to introduce 
the definition of differential graded Lie algebras and some properties. We 
focus our attention of the differential graded Lie algebras of multidifferential 
operators and multivector fields and, by means of the concept of morphism, 
we introduce the Formality theorem. Finally we give a sketch of the proof of 
Theorem 14.11 More details can be found in PQ, [18], [3]. 

5.1 Differential Graded Lie Algebras 

Definition 5.1. A graded Lie algebra (GLA) is a graded vector space 
q = ®i g z£) J endowed with a bilinear operation 

[',']•■ B®B-*B (29) 
satisfying the following conditions: 
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1. homogeneity, [a,b] G g a+ ^ 

2. skew- symmetry, [a,b] = — (— l) a ^[b, a] 

3. Jacobi identity, [a, [b,c\] = [[a,b],c] + (-l) a/3 [6, [o,c]] 
for any a G g Q , & G 0^ and c G g 7 . 

As an example, any Lie algebra is a GLA concentrated in degree 0. 

Definition 5.2. A differential graded Lie algebra (DGLA) is a GLA g 
together with a differential d : g — > g, i.e. a linear operator of degree 1 which 
satisfies the Leibnitz rule 

d[a,b] = [da,b] + (-l) al3 [a,db} a G Q a , beg 13 (30) 

and d 2 = 0. 

Given a DGLA we can define immediately the cohomology of g as 

iT(g) := Ker(d : g' -> g i+1 )//m(d : g*" 1 -> g 4 ) (31) 

The set H := ©ji/*(g) has a natural structure of graded Lie algebra (because 
of the compatibility between d and [•,•] on g, it inherits the GLA structure 
defined on equivalence classes \a\, \b\ G H by 

[|o|, \b\] H := \[a,b}\. 

Finally, id is a DGLA by putting d = 0.) 

A morphism of DGLA is a linear homogeneous map / : q± — > $2 of degree 
zero, such that 

/ o d = d o / 

and 

= [/(x),/(y)]. 

The morphism / : gi — >• g2 of DGLA's induces a morphism H(f) : H\ — > H2 
between cohomologies (i.e. the sequence of homomorphisms H n (/) : H u (qi) — > 
H n (Q2) )• A quasi-isomorphism is a morphism of DGLA's inducing isomor- 
phisms in cohomology. 

Definition 5.3. A differential graded Lie algebra g is formal if it is quasi- 
isomorphic to its cohomology, regarded as a DGLA with zero differential and 
the induced bracket. 

^ere we don't give basic definitions on cohomology theory; an excellent introduction can be 
found in [3 
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The result of Kontsevich that we are going to introduce is called formality 
theorem because it shows the the DGLA of multidifferential operators, that 
we are going to define, is formal. 

We already stated that to each deformation is attached a differential graded 
Lie algebra via the solutions to the Maurer Cartan equation modulo the action 
of a gauge group. We introduce now the Maurer-Cartan equation of a DGLA 
and the gauge group defined for any formal DGLA by generalizing what we 
did in Section l4~2l with 

The Maurer-Cartan equation of the DGLA g is 

da + -[a, a] = a G g 1 , (32) 

We can define a gauge group acting on the solutions of the Maurer-Cartan 
equation starting from the degree zero part of any formal DGLA. Indeed, 
given a DGLA g we can define its formal counterpart gJTi] by 

0l/i]:=fl®fcpi]; 

it has the natural structure of a DGLA. It is clear that the degree zero part 
0°[^J is a Lie algebra. 

As seen in the case of formal Poisson structures, we can define the gauge 
group formally as the set 

G := exp(ftg°[ft]) 

and introduce a well-defined product taking the Baker-Campbell-Hausdorff for- 
mula [26l Finally, the action of the group on fog 1 [ft]] can be defined generalizing 
the adjoint action in 1271 namely: 

(k \ (adfif)" , \ A (adg) n 

exp(%)a := ^ — -j— (a) - ^ — - — (dg) 

n=0 ' n=0 V ; ' 

= a + h[g, a] - hdg + o(h 2 ) (33) 

for any g G g°[[?i]] and a G g 1 [ftj. It is easy to show that this action preserves 
the subset MC(g) C ftg 1 ^]] of solutions to the (formal) Maurer-Cartan equa- 
tion. We will discuss explicitly the Maurer-Cartan equation's solutions and the 
gauge group action in the case of multidifferential operators and multivector 
fields. 

5.2 Multivector fields and multidifferential opera- 
tors 

The Kontsevich's theorem, as we know, proved a correspondence between Pois- 
son structures and star product; in order to prove this correspondence we 
introduce the DGLA's they belong to. 
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Multivector fields By definition, a /c-multivector field X is a section of 
the k-th exterior power A k TM of the tangent space TM. In local coordinates 
{xi}™!, the multivector field X £ T(M, A k TM) can be written as 



in 



X= X h - ik (x)d il A--- A8 ik . (34) 

il...i k =l 

It is evident that T := ©^ o r fc is a graded vector space, where 

rfc fc~(M), if* = 

[T(M,A k TM), ifjfc>l 

The Lie algebra structure is given by the Schouten-Nijenhuis bracket 

[•, -] s : T k <g> r' -»■ r fc+i ~ 1 defined by 

[JCx A • • • A Xfc, Yi A • • • A Yi]s : = 
fe i 

S J2(- 1 ) i+i i X i' Yj] /\ X l A ■ ■ ■ A Xi A ■ ■ ■ A X k AY l A ■ ■ ■ AYj A ■ ■ ■ AY t . 
i=l i=i 

This bracket satisfies the following properties 

i) [x,y] 5 = -(-)^ +1 )fe +1 )[y,x] 

ii) [X, Y A Z] = [X, Y] A Z + (-)(v+ 1 ) z Y A [X, Z] 

iii) [X, [Y, Z\\ = [[X, Y],Z} + (-)<*+D<iH-i) [y- [Xj z]] 

for any triple X,y and Z of degree resp. x, y and z. In order to recover the 
sign used in Definition 15.11 we shift the degree 

f := 0~_if< where f* := P +1 (36) 

The GLA T is turned into a DGLA setting the differential d : T — > T to be 
identically zero. We denote this DGLA by g* (M). 

We now focus to the particular class of Poisson bivector fields. Recall that 
given a bivector field n G g^(M), we can define a Poisson bracket by 

{f,g} = n(df,dg) (37) 

which is by construction skew-symmetric and satisfies Leibnitz rule. The Ja- 
cobi identity in local coordinates is: 

7r lj dj7r kl djf d k g dih + djir kl djg d k h dif + ir lj djit kl djh d k f dig = 

t 

^dj% M diAd k Adi = 
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The last line is equivalent to 

[7r,7r]s = 

Recalling that 0* (M) is a DGLA with d = 0, it is evident that Poisson bivector 
fields are the solutions to the equation [32] on g* (M) 

^ + -[7^5 = 0, vrGg^M). (38) 

Finally, formal Poisson brackets {•, - }n. are associated to a formal bivector 
vrft G g^.(M)[[/i]] as in (f25j) and the gauge group action is defined in l27l 

Multidifferential operators Now we discuss the subalgebra of the 
Hochschild DGLA of multidifferential operators. Recall that the Hochschild 
complex of an associative unital algebra A is the complex C(A, A) with van- 
ishing components in degree n < and whose re-th component, for n > is 
the space 

oo 

C(A,A) := C n (A,A) C n {A,A) = Hom{A® n ,A). (39) 

n=-l 

By definition, the differential of a n-cochain / is the (n + l)-cochain defined 
by 

(-l) n (df)(a , ...,a n ) = a f(ai, . . .,a n )- 

^ _i (40) 

2^(-l)*/(«o, • • -,aia i+ i,. . . ,a n ) + (-l) n f(a , . . . ,a n -i)a n 

The Hochschild cohomology H(A, A) of A is the cohomology associated to the 
Hochschild complex Ker d/Im d. The normalized Hochschild complex is 

C n (A, A) = Hom(A® n , A) (41) 

where A = A/kl. Now we introduce a new structure on the Hochschild 
complex, the Gerstenhaber bracket [llj. The Gerstenhaber product of / € 
C n (A, A) and g G C m (A, A) is the (n + m— l)-cochain defined by 

n-l 

(f°g)(ai,-- ■ ,a n +m-i) = ^(-l) (m ~ 1)3 /(oi> • • ■ ,aj,g(a j+1 ,. . .,a j+m ), . . . ) 

3=0 

that is not associative in general. As a consequence, we define the Gersten- 
haber bracket as follows: 

[D,E} G = DoE-{-l)^- 1 ^ m ^EoD. (42) 
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We can easily check that it satisfies the (graded) Jacobi identity. We notice now 
that the Hochschild differential can be expressed in terms of the Gerstenhaber 
bracket and the multiplication m : A® A — > ^4 of yl as 

d= K-]g : C*{A,A) -»■ C' +1 {A,A) (43) 

The space C*(A,A) endowed with the Gerstenhaber bracket (|42|) and the 
differential (|1D|1 is a DGLA, called Hochschild DGLA. If A = C°°(M), we 
are interested to a particular DGL subalgebra: the DGLA of multidifferential 
operators V, so we consider only the maps from A® n to A which are multi- 
differential. More precisely, 

V := @iV l (44) 

where V 1 are the subspaces of Hochschild H l (C°° (M) , C°° (M)) consisting of 
differential operators acting on C°°(M). D is closed under [■, -]g an d under 
the action of d, hence it is a DGL subalgebra of Hochschild DGLA. 

Because of Definition 14.21 we are interested to a particular class of differ- 
ential operators. Remember that the requirement of the star product / * g = 
f ■ g + Y^nLi ^ n Pn{f-,g) to preserve the unit of the algebra implies P n (f, 1) = 
P n (l,/) = for any n > 1. This means we are interested to differential op- 
erators vanishing on constant functions. With this restriction we get a new 
DGLA, q 9 g (C°°(M)) C V. 

Finally we observe that the associativity of the product m can be written 
in terms of [-, -]g- 

i 

[m, m] G (f, g, h) = ^(-l)*(m o { m)(f, g, h)- 

(45) 

-(- 1 ) 1 E(" 1 ) i ( mo * ™)(f>9,h) = 

i=0 

= 2(m(m(/, g),h) - m(f, m(g, h))) = 

Given an element P G Q l G {C co {M)), we can interpret m + P deformation 
of the original product. As showed above, the associativity of m + P reads 

[m + P,m + P] G = 0. 

Observe that, since m is associative and [m, P}g = [P,iti]g = dP the require- 
ment of associativity of the deformed product m + P can be rewritten exactly 
as a Maurer-Cartan equation f)32|) 

dP + ^[P,P] G = 0. (46) 
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Since P € HQq(C°° is a formal sum of bidifferential operators, we 
introduce the formal counterpart of the DGLA Qq(C°°(M)) and the deformed 
product satisfies the requirements of star product (see Definition 14, 2p . The 
gauge group is given by formal differential operators and the action on the 
star product is given by [23j 

5.3 Kontsevich formality theorem 

A we mentioned above, Kontsevich's main result is that the DGLA Qq(C°° (M)) 
is formal. This result relies on the existence of a previous result by Hochschild, 
Kostant and Rosenberg p3] which establishes the existence of an isomorphism 
between the cohomologies of the algebra of multidifferential operators and the 
algebra of multivector fields. 

Theorem 5.1 (Hochschild-Kostant-Rosenberg [H]). The formula 

D 7T (a 1 , . . . ,a n ) = (ir,dai . . . da n ) (47) 
defines a quasi-isomorphism 

(r(T, AT), 0) -> C'(C co (M),C°°{M)) (48) 
In particular, the cohomology groups H*(C 00 (M),C 00 (M)) is isomorphic to 

r(T, A*T), (49) 
where the bracket induced by [-,-]g becomes the Schouten bracket [-,-]s- 

In order to introduce the formality theorem we need the notion of Loo-quasi 
isomorphism. Here we don't discuss the definition of Loo-algebras (see [1]). 

Definition 5.4. Letgi andQ2 be two DGLA. By definition, an Jj^ -morphism 

f '■ 01 — > 02 is given by a sequence of maps 

fn : 0?" ^02, n > 1, (50) 

homogeneous of degree 1—n and such that the following conditions are satisfied: 

1. The morphism f n is graded antisymmetric, i.e. we have 

fn {^1, ■ ■ ■ , Xi, , . . . 3?n) — ( 1) ^ * fnip^l > • • • j %n) 

for all homogeneous x\, . . . ,x n of q±. 

2. We have f\od = dof 1 i.e. the map f\ is a morphism of complexes. 
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3. fi is compatible with the brackets up to a homology given by fa. In 
particular, fx induces a morphism of graded Lie algebras from H'(q\) to 

ff"(fl 2 ). 

4- More generally, for any homogeneous element x±, ... ,x n of q' , 

/ , i/g+llFii j — ; x i P ]p) x ji > • • • > x j q ) = 

_ 1 (51) 

2 ■> Lj [-^ n l O^ll ' " " " ' ^lni )'•••' fn k (. X ikl > • • • ' X *fcn fc )] 

Roughly, an Loo-morphism is a map between DGLA which is compatible 
with the brackets up to a given coherent system of higher homotopies. 

Definition 5.5. An ^^-quasi isomorphism is an L^-morphism whose first 
components is a quasi-isomorphism. 

Kontsevich's Formality theorem can be finally stated as follows: 

Theorem 5.2 (Kontsevich [E]). There exists natural L^- quasi isomorphism 

K:ff s (M)^&(C°°(M)) (52) 

The component K\ of K coincides with the quasi-isomorphism defined in the 
Hochschild-Kostant-Rosenberg Theorem \5.1[ 

Kontsevich's formality map proves the one-to-one correspondence between 
the equivalence class of formal Poisson structures on M and the isomorphism 
class of star products on C°°(M). Remember from Section 15.11 that for any 
DGLA (g, [■,•], d) we defined the set of solutions of the Maurer-Cartan equation 

MC(q) = {a € hg 1 ^] j da + -[a, a] = 0} 

The group exp(hQ°{hj) acts on MC(q) by (JMD- Put 

M( ) = MC{Q)/exp(hQ°{h\) 

Now we introduce a new 

Theorem 5.3 (L oo-quasi isomorphism theorem). Given a L^-quasi isomor- 
phism f : Qi —> 02; this induces an isomorphism 

M(gi) ~M(g 2 ) 

Consider the DGLA's of multidifferential operators and multivector fields. 
From Section 15.11 follows immediately that M(g* (M)) is the set of equiva- 
lence classes of formal Poisson structures tttj and M {q g (C°° {M))) is the set 
of isomorphism classes of star products on C°°(M). Using the Kontsevich 
theorem and the Loo-quasi isomorphism theorem follows that M(g* (M)) ~ 
M(q g (C°°(M))). This proves Theorem SU 
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